For each n ≥ 3 we establish the existence of a nodal solution u to the Yamabe problem on the round sphere (S n , g) which satisfies
Introduction
We consider the Yamabe problem 4(n − 1) n − 2 ∆ g u + n(n − 1)u = n(n − 1)|u| 2 * −2 u on S n , (1.1) on the round n-sphere (S n , g), n ≥ 3, where ∆ g u = −div g ∇ g is the Laplace-Beltrami operator and 2 * := 2n n−2 is the critical Sobolev exponent. The existence of positive and sign-changing solutions to this problem is well known. Different types of nodal solutions have been exhibited in [2, [4] [5] [6] .
It is easily observed that any nodal solution u of (1.1) satisfies S n |u| 2 * dV g > 2vol(S n ), (1.2) see e.g. [7, Chapter III.3] . This estimate has been slightly improved in [8] , where it has been proved that inf S n |u| 2 * dV g : u nodal solution of (1.1) > 2vol(S n ). (1.3) We note that (1.3) is not a direct consequence of (1.2), since it is unknown if the infimum in (1.3) is attained. Estimates for the least energy of nodal solutions to problem (1.1) are of interest, since they are related to compactness properties of semilinear elliptic boundary value problems with critically growing nonlinearities via Struwe's compactness lemma. See [7, Chapter III.3] for a discussion of this aspect.
The aim of this note is to give an upper bound for the least energy of a nodal solution to problem (1.1). Set (1.4)
We prove the following result. 
The solution given by Theorem 1.1 might be the same as the one obtained in [2, Theorem 1.1] for n ≥ 4, but it is different from those obtained by Ding in [5] , as shown in Proposition 4.2 below. Estimates for the energy of some of Ding's solutions are listed in [6] , but no information is given which allows to verify them.
Our approach is as follows: First, we give a condition for the existence of a least energy solution to the Yamabe problem (1.1) with a particular type of symmetries (see Corollary 2.2). The symmetries are chosen in such a way that they yield sign-changing solutions by construction. Then, we estimate the energy of a specific ansatz and derive an explicit condition on the symmetries which guarantees the validity of the requirement (2.5) in Corollary 2.2 (see Proposition 3.1). Finally, we prove that the condition on the symmetries holds true for the particular example that gives rise to Theorem 1.1.
Symmetric nodal solutions
The group O(n + 1) of linear isometries of R n+1 acts isometrically on S n . We fix a closed subgroup Γ of O(n + 1) and, as usual, we denote by Γp := {γp : γ ∈ Γ} and Γ p := {γ ∈ Γ : γp = p} the Γ-orbit and the Γ-isotropy subgroup of a point p in S n . Recall that Γp is Γ-diffeomorphic to the homogeneous space Γ/Γ p . So, they have the same cardinality, i.e., #Γp = |Γ/Γ p |, the index of Γ p in Γ. Let φ : Γ → Z 2 := {1, −1} be a continuous homomorphism of groups. We shall look for solutions u : S n → R to the Yamabe equation (1.1) which satisfy
A function u with this property will be called φ-equivariant. It might occur that the only function u satisfying (2.1) is the trivial function. This happens, e.g., if Γ = O(n + 1) and φ(γ) is the determinant of γ. To avoid this bad behavior, we will assume, from now on, that φ satisfies the following assumption
This assumption guarantees that the space
is infinite dimensional; see [1] . If φ ≡ 1, then (2.1) simply says that u is a Γ-invariant function. On the other hand, if φ is surjective and u is nontrivial, then (2.1) implies that u is sign-changing and G-invariant, where G = ker φ.
Set a n := n(n−2)
4
. We take u := S n |∇ g u| 2 g + a n u 2 dV g 1 2 , |u| 2 * := S n a n |u| 2 * dV g 1 2 *
(2.2) as the norms in H 1 g (S n ) and L 2 * g (S n ), respectively. The φ-equivariant solutions to the Yamabe equation (1.1) are the critical points of the functional J n :
The nontrivial ones lie on the Nehari manifold
If K is a closed subgroup of Γ we write φ|K for the restriction of the homomorphism φ to K. Then we have that
The following result gives conditions for the existence of a minimizer. Proof. After a change of coordinates, we may assume that q = (0, . . . , 0, 1). Then, Γ acts trivially on the second factor of R n × R ≡ R n+1 and the stereographic projection from the point q induces an orthogonal action of Γ on R n . It is well known that the Yamabe problem (1.1) on the round sphere is equivalent to the problem −∆v = a n |v| 2 * −2 v, v ∈ D 1,2 (R n ), via the stereographic projection. So the statement follows from [2, Theorem 3.3].
Theorem 2.1 is also true when S n does not contain a Γ-fixed point, but it cannot be derived from [2, Theorem 3.3] and the proof requires some work.
The symmetries we shall consider in this paper satisfy the following additional assumptions. We denote by 1 the identity in O(n + 1).
(A 1 ) Either Γ p = Γ, or Γ p = {1}, for any p ∈ S n .
Under these assumptions, condition (2.4) becomes considerably simpler, and a standard argument allows to extend Theorem 2.1 to the case when S n does not contain a Γ-fixed point. Namely, we have the following result.
5)
then the Yamabe problem (1.1) has a nontrivial least energy φ-equivariant solution. This solution changes sign.
Proof. If Γ p = Γ for every p ∈ S n , then (A 0 ) implies φ ≡ 1, contradicting (A 2 ). So, by (A 1 ), the right-hand side of (2.4) is (#Γ) c n and the statement follows from Theorem 2.1 if S n contains a Γ-fixed point. If S n does not contain a Γ-fixed point, then Γ acts freely on S n and the same argument given to prove [3, Theorem 2.2] yields this result.
An immediate consequence of Corollary 2.2 is the following fact. Next, we give some examples. We write R n+1 ≡ C × C × R n−3 , and the points in R n+1 as (z 1 , z 2 , x) with z i ∈ C and x ∈ R n−3 . is satisfied. As Γ m is a subgroup of Γ ∞ , we have that c φm n ≤ c φ∞ n for all m ∈ N. So (2.6) holds true for sufficiently large m. On the other hand, as shown in [8] , the least energy of a sign-changing solution to (1.1) is strictly larger than 2c n , so (2.6) is not satisfied for m = 1.
In the next section we estimate the smallest m for which (2.6) holds true.
Estimates for the energy of nodal solutions
Let Γ be a finite subgroup of O(n + 1) and φ : Γ → Z 2 be a homomorphism satisfying (A 0 ), (A 1 ) and (A 2 ). Fixγ ∈ Γ with φ(γ) = −1 and write Γ = {g 1 , . . . , g m ,γg 1 , . . . ,γg m } with g 1 = 1, φ(g i ) = 1 for i = 1, . . . , m.
The Γ-orbit of p ∈ S n is Γp = {p 1 , . . . , p m , q 1 , . . . , q m } with p j := g j p and q j :=γp j .
We set
where d g (p, p ) = arccos p, p is the geodesic distance from p to p on S n .
To prove this proposition, we fix p ∈ S n and, for each β > 1, we define
The function u β is a positive least energy solution of the Yamabe equation (1.1). Hence,
We denote by B δ (p) the geodesic ball of radius δ centered at p in S n , and set ω n := vol(S n ).
Lemma 3.2. For any f ∈ C 0 (S n ) and δ ∈ (0, π), we have
as β → 1,
for β close to 1.
Proof. Let σ : S n {p} → R n be the stereographic projection. Then, |x| = cot r 2 and r = arccos
The pullback of the round metric in the local coordinates σ −1 :
where g n−1 is the round metric on S n−1 . As n
This is the first statement. The second one can be obtained easily, since
This completes the proof. Since (A 0 ), (A 1 ) and (A 2 ) hold true and Γ p = {1}, we have that w β = 0. Hence, there exists t β ∈ (0, ∞) such that t β w β ∈ N φ (S n ), and
where Y n (u) := u 2 |u| 2 2 * and u and |u| 2 * are the norms defined in (2.2).
Since u j,β solves (1.1), using Lemma 3.2 we estimate
We choose δ > 0 such that B δ (q) ∩ B δ (q ) = ∅ for all points q, q ∈ Γp with q = q . Then,
, where we used the inequality |a + b| p ≥ a p + pa p−1 b for a ≥ 0, b ∈ R and p ≥ 1, and Lemma 3.2. Thus,
.
We conclude that
, where C n,k := 2 n+1 anωn−1 n (2ma n ω n ) 2−n n . If µ p − µ p > 0, then Y n (w β ) < (2ma n ω n ) 2 n = (2mnc n ) 2 n for β > 1 sufficiently close to 1. Therefore,
[Y n (w β )] n/2 < 2mc n for β sufficiently close to 1.
This concludes the proof.
The proof of the main result
Next, we compute the sign of µ p − µ p for φ m : Γ m → Z 2 as in Example 2.4. Proof. We have that p j = (e 2πij/m , 0, 0) and that q j := τ p j is orthogonal to p i for all i, j = 1, . . . , m − 1. Therefore,
1 − cos 2πj m 2−n 2 and µ p = m 2 .
As 1 − cos 2πj m = 2 sin 2 ( πj m ), we get that
− m =: a n,m .
We have that 2 ( On the other hand, we have that If n = 3, direct calculations show that a 3,m < 0 if m = 5, 6, 7, 8. Note that t → sin t is increasing if t ∈ [0, π 2 ]. So, for m even we have that
A similar computation shows that, also for m odd,
We claim that
If this is true, then a 3,m > 0 for all m ≥ 9, and the proof of the lemma is complete. To prove (4.1) note that, since t(6−t 2 )
6 − ( π 9 ) 2 ∀m ≥ 9.
A direct calculation gives π 9
6 − ( π 9 ) 2 ≈ 0.059383 < 0.111203 ≈
which yields (4.1). To conclude, we show that our solutions are different from those of Ding [5] . We write R n+1 ≡ C × R k−2 × C × R m−2 with k, m ≥ 2 and k + m = n + 1 and, accordingly, we write the points in R n+1 as (z 1 , x 1 , z 2 , x 2 ). Then, for every (z 1 , x 1 , z 2 , x 2 ) ∈ S n , we have that w(|(z 1 , x 1 )|, |(z 2 , x 2 )|) = −w(|(z 2 , x 1 )|, |(z 1 , x 2 )|) and, taking z 1 = z 2 = 0, we get that
If k > 2, this implies that w ≡ 0.
On the other hand, if k = 2 then m > 2 and, taking z 1 = z 2 = 0, we get that w(0, 1) = −w(0, 1) = 0. Setting z 1 = 0 we conclude that 0 = w(0, 1) = −w(|z 2 |, |x 2 |) ∀(z 2 , x 2 ) ∈ C × R m−2 .
Hence, w ≡ 0.
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